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E-mail address: haihui.ruan@gmail.com (H.H. RuanInelastic deformation of metallic glass is through shear banding, characterized by signiﬁcantly localized
deformation and emerged expeditiously under certain stress state. This study establishes a new consti-
tutive model addressing the physical origin of the shear banding. In the modeling, the atomic structural
change and the free volume generation are embodied by the plastic shear strain and the associated dila-
tation. The rugged free energy landscape is adopted to naturally reﬂect the rate-independent ﬂow stress
and ﬂow serrations. Based on this, the conditions for the onset of shear banding instability are estab-
lished, which enables the explicit calculation of the shear band inclination angle and its extension speed.
The study concludes that shear band angle is signiﬁcantly inﬂuenced by the diltancy factor and pressure
sensitivity, that a shear band does not increase its thickness once emanated from a deformation unit, that
the spreading speed of a shear band is intersonic, and that more shear bands, which lead to higher duc-
tility, can be induced by high strain rates or by the introduction of a second material phase. The analysis
also demonstrates that the ductility of metallic glass depends on the sample geometry and/or the stress
state.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
When metallic glass is loaded, either quasi-statically or dynam-
ically, the formation of shear bands and the localized deformation
are the most striking phenomenon which has never been observed
in crystalline counterparts. It was therefore believed that the shear
bands manifest the major distinction between metallic glass and
crystalline metals in terms of atomic structures and their response
to external loading. In crystalline metals, lattice defects can easily
be nucleated and transmitted, resulting in a low yield stress. In
contrast, the plastic deformation of metallic glass has to be the
cooperative rearrangements of clusters of atoms, leading to a much
higher yield stress. Furthermore, in crystalline metals the lattice
defects can be effectively pinned by obstacles like grain bound-
aries, stacking faults and solute atoms, which brings about
strain-hardening and large ductility. In metallic glass, however,
once the rearrangement of atoms is activated at a critical stress
level, it spreads across the material and traps the deformation,
and hence causes the material’s brittleness. The plasticity and
strain-hardening of crystalline metals have been successfully ex-
plained by dislocation dynamics. However, the fundamental
understanding of the nucleation, propagation and annihilation of
shear bands in metallic glass is still lacking. Questions like how fastll rights reserved.
).a shear band extends or at what conditions a shear band nucleates
or annihilates have not yet been convincingly answered.
While the experimental evidence on the physical origin of shear
band remains inconclusive, the deformation mechanisms of metal-
lic glass have been investigated theoretically, such as Steif et al.
(1982), Huang et al. (2002) and Jiang and Dai (2009). Based on
the free volume theory (Spaepen, 1977), they ascribed the inhomo-
geneous deformation to the shear-induced dilatation which leads
to the reduction of viscosity. The adiabatic thermal softening was
the secondary effect in the analysis by Jiang and Dai (2009). By
assuming a preexisting band with slightly higher initial free
volume concentration, Huang et al. (2002), Jiang and Dai (2009)
and Gao et al. (2007) studied the instability in the material. They
ascribed the instability to the precipitous drop of viscosity within
the shear band as the shear stress reached a critical value. Their
model has been prevailing in ﬁnite-element simulations (Su and
Anand, 2006a; Thamburaja and Ekambaram, 2007; Yang et al.,
2006), aiming to more precisely simulate the large deformation
of metallic glass at high temperature or to investigate the shear
band activation and fracture at low temperature (Tandaiya et al.,
2009).
In the aforementioned modeling of metallic glass, the material
was assumed to be viscoelastic. The free volume concentration,
which varies with the stress state, serves as an internal variable
to correlate the microstructure defect with the macroscopic
deformation rate. This assumption is useful in establishing high-
temperature stress–strain relationships, in which the stress
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(Thamburaja and Ekambaram, 2007). However, the direct exten-
sion of this theory to a low-temperature scenario has faced signif-
icant challenges.
The ﬁrst challenge is that the viscoelasticity within the theory
makes the ﬂow stress at low temperature signiﬁcantly rate-sensi-
tive (Jiang and Dai, 2009), while experimental evidence clearly
shows that the yield stress of metallic glass is insensitive to strain
rate (Schuh et al., 2007). To resolve this problem, Anand and Su
(2005) simply assumed that the yield surface is weakly dependent
on or independent of the strain rate. However, this assumption
breaks the connection between the microstructure defects and
the macroscopic deformation rate.
In addition to the rate-dependency, the previous models cannot
describe the serrations (or pops) at experimental stress–strain
curves, which was ascribed to the shear band nucleation and anni-
hilation (Song et al., 2008; Wang et al., 2009a). Both the viscoelas-
tic model and the elastoplastic model render smooth stress-strain
curves and merely a single load drop after the formation of cata-
strophic shear bands. Therefore, it is necessary to develop a new
model to describe the physical origin of these serrations.
The third challenge is the shear band propagation. To our
knowledge, no method for calculating the speed of shear band is
available. The estimation of shear-banding speed from experimen-
tally measured data varies from a few meters per second (Wright
et al., 2009) to the speed of a shear wave (Lewandowski and Greer,
2006), supported by the dynamic strain measurement (Wright
et al., 2009), high-speed photography (Sunny et al., 2009) and
molecular dynamic simulations (Cao et al., 2009).
The present study will take up the above challenges by develop-
ing a new theoretical model that not only considers viscous defor-
mation rate in BMG but also the associated atomic structural
change of the material. The free energy undulating with the peaks
and basins will be treated as the evolution of the material’s atomic
structure.2. Constitutive modeling
2.1. Thermodynamics requirement
Consider the variation of free energy U of the atomic subsys-
tems in metallic glass over the atomic coordinates as a hypersur-
face in a high-dimensional space. If the change of atomic
coordinates due to the far-ﬁeld shear stress s is in a corporative
manner and can be described by one or several proportional
parameters, say the shear strain c, a path of deformation can be
identiﬁed on the hypersurface. This path has peaks and valleys,
corresponding to many activated states and basin states. The sec-
ond law of thermodynamics requires non-negative dissipation rate
(Maugin, 1992), which reads
ðs @U=@cÞ _cP 0: ð2:1Þ
Integrating Eq. (2.1) yields
Q  dissipation ¼
Z c2
c1
sdc ðUjc¼c1 Ujc¼c2 Þ; ð2:2Þ
where c = c1 and c = c2 represent two different atomic structures in
the adjacent basins along the deformation path. Particularly, if
Ujc¼c1 ¼ Ujc¼c2 , the external work
R c2
c1
sdc associated with this tran-
sition is totally dissipated. c0 = c2  c1 is regarded as the plastic
strain since it refers to the irreversible change of atomic structures.
It is worth highlighting that the jump from one energy basin to an-
other is a dynamic process once the energy barrier is overcome. In
experimental observations, c0 is embodied by the strain burst in a
stress-mediated process. This intermittence, which has also beenrevealed in crystalline materials (Dimiduk et al., 2006), may be con-
sidered as the fundamental feature of plastic deformation.
In order to satisfy Eq. (2.1), we follow Eyring’s concept (Eyring,
1936) to express the strain rate as:
_c ¼ _c0 sinhððs @U=@cÞ=s0Þ; ð2:3Þ
where _c0 is a reference strain rate and s0 is a reference stress. s0 may
be further expressed as s0 = KBT/X0, where KB and T are Boltzmann
constant and temperature, respectively, andX0 is the activation vol-
ume. Eq. (2.3) renders the strain rate effect of the system. It is noted
that if s0 is sufﬁciently small (say less than5% of the quasi-static yield
stress of the material), the yield stress is then dictated by the local
maximum of oU/@c. Any signiﬁcant deviation from the equilibrium
(i.e., s = oU/@c) should invoke fast atomic motion to re-establish the
equilibrium. Noting that the free energy landscape is rate-indepen-
dent, the local maximum of oU/@c is also rate-independent. We con-
jecture that this is the main cause of rate-independency of the yield
stress when deforming metallic glass at low rate and low tempera-
ture. This conjecture is consistent with the accounts proposed by
Johnson and Samwer (2005) and by Schuh et al. (2007). According
to Pan et al. (2008), the activation volume X0 of zirconium-based
metallic glass is approximately 0.1  0.3nm3 corresponding to the
volume of the shear transformation zone 2.5  6.6 nm3. Therefore,
at room temperature s0 is 10–40 MPa, which is indeedmuch smaller
than the shear strength of metallic glass.
Eq. (2.3) leads to negligible but still positive rate sensitivity.
Although from some dynamic experiments, negative strain-rate
sensitivity was concluded (Li et al., 2003; Trexler and Thadhani,
2010), we think that it may be induced by artifacts (e.g., stress con-
centrations) in dynamic experiments as pointed out by Sunny et al.
(2007). Li et al. (2003) ascribed the negative rate sensitivity to the
early development of a shear band from a local weak region with
the yield stress lower than the macroscopic yield stress. In quasi-
static case, one is still able to obtain the increase of macroscopic
stress due to the relaxation and response of overall material. But
for dynamic case, such an early shear band immediately leads to
fracture due to the large kinetic energy. In this sense, the negative
rate sensitivity refers to the local failure strength rather than the
relationship between stress and strain rate. Gu et al. (2003) as-
cribed the negative rate sensitivity to the adiabatic heating, which
in constitutive level is thermal softening rather than negative rate
sensitivity at a constant temperature.
If the difference between the driven stress s and the internal
resistance oU/@c is smaller than s0, the system behaves like a New-
tonian ﬂow; i.e., s @U=@c  s0 _c= _c0. For a quasi-static stable pro-
cess, _c approaches zero. The measured stress then reﬂects the
internal resistance to the structural change, i.e.,
s ¼ @U=@c: ð2:4Þ
It should be noted that Eq. (2.4) is only applicable before the onset
of the shear band, since the deformation within the shear band
must be dynamic.
2.2. The kinetics within a shear band
The inelastic deformation of metallic glass is generally embod-
ied by the corporative rearrangement of the atomic subsystems. A
two-dimensional schematic of such rearrangement is shown in
Fig. 1(a). The ﬁgure illustrates an atomic process that accommo-
dates a plastic shear strain c0. We try to unify the two distinct
views of inelastic deformation of metallic glass, namely, the ‘‘shear
transformation’’ after Argon (1979) and the ‘‘atomic jump’’ after
Spaepen (1977). According to Argon (1979), the fundamental unit
process underlining inelastic deformation is achieved by the shear
distortion of a cluster of atoms (in dark grey color) from one
relatively low energy conﬁguration (above the arrow) to a second
bb
bγ0
(a)
γ p
0
τ
0 γ0
A (b)
γp
Φ
0
τ
0
A
B
δτ A' C'
(c)P
C
Φ
Fig. 1. Shear transformation in metallic glass: (a) a two-dimensional schematic of
an atomic subsystem in an amorphous metal; (b) the variation of the free energy
and the effective shear stress associated with a deformation unit; (c) the schematic
of the free energy landscape and the quasi-periodic change of the effective shear
stress.
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(1977), this process is the result of a series of atomic jumps into
the neighboring free volume (denoted by the dashed circle). As a
consequence, the free volume migrates across several atoms to
the rightmost position in Fig. 1(a), resulting in a shear offset bc0,
where b is the size of the deformation unit.
It is necessary to distinguish the deformation unit in this study
from the shear transformation zone (STZ) proposed by Argon
(1979). Since we formulate our theory in the framework of contin-
uum mechanics, the deformation unit should represent a sufﬁ-
ciently large cluster of atoms to make the assumption of
continuity valid. In Section 3, we will justify that the size of a
deformation unit should be the width of the shear band. In con-
trast, the size of STZ, based on the consideration that the correla-
tion of atomic positions vanishes (Zink et al., 2006), is in the
order of 1 nm, which should be regarded as the size of the struc-
tural defect. A deformation unit may be considered as an atomic
subsystem containing many STZs, which are encompassed by den-
sely packed atoms.
The shear transformation shown in Fig. 1(a) demonstrates the
following two fundamental standpoints of the present study:
(1) Due to the amorphous nature of atomic arrangement, both
the atomic conﬁgurations in Fig. 1(a) are low energy conﬁg-
urations and the transformation crosses an activated state of
higher energy;
(2) Associated with the shearing of the subsystem, the volume
of the atomic cluster changes. The dilatancy strain is given
by bcp, where b is the dilatancy factor after Rudnicki and
Rice (1975). It should be noted that b is unnecessarily a con-
stant, which can be a function of the stress–strain history.
For example, Spaepen’s formulation (Spaepen, 1977) can
be adapted to account for the free volume generation, which
is a result of squeezing an atom into the neighboring hole of
a smaller volume. However, in this study, we treat b as a
constant.Now, we take off the elastic response ce from the total strain c.
The variation of the free energyUwith the plastic shear strain cp is
sketched in Fig. 1(b) (Schuh and Lund, 2003). Differentiating U
with respect to cp renders the internal resistance to plastic defor-
mation. Fig. 1(b) shows that the rise of @u/@cp at the inﬁnitesimal
cp is precipitous. This is in line with the fact that with a small
strain, the material is mainly deformed elastically. The negative
shear resistance in Fig. 1(b) indicates that as the atomic conﬁgura-
tion reaches the unstable transition state, it must transform to the
lower energy state even without the application of an external
stress. Bifurcation would then be possible as the resolved shear
stress reaches the vicinity of the maximum value of @u/@cp, say
Point A in Fig. 1(b). After this point, some zones would be further
deformed while other portions would be unloaded. The zones
being deformed further can self-organize to the shear bands, of
which the dynamic process is the propagation of shear-banding
instability.
The deformation within the shear band, through continuous
transformation from a low energy state to another, should be re-
sisted quasi-periodically. Here, we use ‘‘quasi’’ to indicate that
the period and amplitude may vary with deformation. The Peierls
concept (Peierls, 1940; Rice, 1992) is still adaptable here for the
cooperative shear transformation, although it was originally pro-
posed for the lattice resistance to dislocation motion in crystalline
metals. In metallic glass, this short-range quasi-periodic force is
probably the only resistance to inelastic deformation since there
are no long-range obstacles. Fig. 1(c) shows schematically the qua-
si-periodic variations of the free energy and the associated internal
resistance. The overall trend of the free energy is upward as strain
increases. The maximum potential energy corresponds to maxi-
mum distortion and alienation of atoms (Shimizu et al., 2006),
implying the occurrence of fracture. In addition, the local undula-
tion of the potential energy, known as the b-relaxations (Stillinger,
1995), renders the short-range undulation of the internal resis-
tance to plastic deformation, of which the amplitude may continu-
ously decrease with plastic strain, reﬂecting softening of the
material.
2.3. Shear induced dilatation
Now, let us seek a way to generalize the above shear stress–
shear strain relationship to an arbitrary stress state. First, let us
incorporate the dilation effect into the dissipation inequality,
which leads to:
rm  @U=@epv
 
_epv þ ðs @U=@cpÞ _cp P 0; ð2:5Þ
where s ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r0ijr0ij=2
q
is the equivalent shear stress, r0ij are the devi-
atoric stresses, rm = rii/3 is the hydrostatic stress, and _epv is the plas-
tic dilatancy strain rate. The repeated indices imply summation
herein and hereafter. The elastic strains are neglected in the above
expression since they are reversible and non-dissipative. Substitut-
ing the relationship _epv ¼ b _cp and rearranging Eq. (2.5), we get the
basic expression Eq. (2.1) back, i.e., ðs @U=@cpÞ _cp P 0, where
s ¼ sþ lrm ð2:6aÞ
and the internal frictional coefﬁcient l is given by
l ¼ b 1 @U
rm@epv
 
: ð2:6bÞ
It is noted that if the free energy is insensitive to the plastic volu-
metric strain, i.e., @U=@epv ¼ 0, the normality rule, l = b, is recovered
(Storen and Rice, 1975).
In the above deduction, we have assumed that the plastic volu-
metric strain, attributed to the free volume generation, is merely
correlated to the equivalent plastic shear strain. This assumption
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glass. Noting that the equivalent plastic strain is always non-nega-
tive, the consequence of this assumption is the non-negative vol-
ume change after deformation. This inference would probably be
problematic since the free volume may vary due to the signiﬁcant
hydrostatic stresses. In this case, Eq. (2.5) should be used instead of
Eq. (2.6a). We shall consider the pressure induced plastic volumet-
ric strain in our successive works. In this paper, we only consider
the shear induced dilatation for simplicity.
Eq. (2.6a) demonstrates that the effective shear stress depends
on the hydrostatic stress rather than the normal stress at a partic-
ular shear plane. This is the distinction between Drucker–Prager
model and Mohr–Coulomb model. Zhao and Li (2008) discussed
the fundamental problem when adopting Mohr-Coulomb model
and they demonstrated that Drucker–Prager model has been ade-
quate to interpret the shear band inclination angle in uniaxially
loaded metallic glass. Experimental investigations by Lu et al.
(2003) also suggest that a pressure-dependent yielding surface
should be more appropriate since the shear band inclination angle
was not consistent with the variation of Mohr circles in a biaxial
stress state. We believe this is true based on the following reasons:
(i) For uniaxially loaded metallic glass, the difference between
tensile and compressive fracture stresses is generally less
than 10% (reference is listed in Table 1). The internal fric-
tional coefﬁcient should therefore be less than 0.05. This is
generally far from the value calculated from the shear band
angle when adopting the Mohr–Coulomb model.
(ii) Metallic glass is isotropic without any preexisting shear
plane. The yield surface should be initially smooth without
any vertex. However, the yield surface from the Mohr–Cou-
lomb criterion is unsmooth. On the other hand, The smooth
version of the Mohr-Coulomb criterion (e.g., Matsuoka–
Nakai yield criterion (Matsuoka and Nakai, 1974)) requires
three stress invariants and several calibration parameters,
which are hard to be quantiﬁed and have not been proved
necessary for metallic glass.
(iii) The primary reason for adopting the Mohr–Coulomb model
is to explain the diversiﬁed shear band inclination angles
of many types of metallic glasses (Zhang et al., 2003a). How-
ever the dilatancy factor b also affects the shear band angle
signiﬁcantly as to be discussed in Section 4.2. Therefore, the
Mohr–Coulomb model may not be the best choice.
The experimental results on the biaxial or triaxial yield surface
of metallic glass are yet insufﬁcient for deterministic conclusion,
while atomistic simulations provide an alternative way to investi-
gate the problem. Schuh and Lund (2003) published their simula-
tion result of the biaxial yield surface of Cu50Zr50metallic glass.
Their data are replicated in Fig. 2. Although the authors interpreted
their results using the Mohr–Coulomb yield criterion, we foundTable 1
A comparison of compressive and tensile strength of metallic glass.
Material Tensile strength
(GPa)
Tensile fracture
angle
Compressive
strength (Gu et al.)
Zr59Cu20Al10Ni8Ti3 1.6 54 1.7
Zr48Cu45Al7 1.71 ± 0.08 n/a 1.85 ± 0.05
Zr40Ti12Ni9.4Cu12.2Be26.4 1.978 ± 0.02 50–53 2.0 ± 0.069
Zr52.5Ni14.6Al10Cu17.9Ti5 1.66 ± 0.42 55–65 1.82 ± 0.13
Cu60Zr30Ti10 2.15 54 2.0
Cu60Hf25Ti15 2.16 n/a 2.13
La62Al14(Cu,Ni)24 0.549 90 0.561
Zr52.5Ni14.6Cu17.9Al10Ti5 1650 54 1850that the Drucker–Prager model renders a much more precise
description of the data as shown in Fig. 2.
2.4. Triaxial stress–strain relations
The generalization of the above shear with dilatation model to
triaxial stress–strain relations follows the standard process in the
theory of plasticity. Nevertheless, since metallic glass yields at a
much larger strain than a conventional metal, we shall incorporate
the effect of large deformation. Refer to the instantaneous conﬁgu-
ration of the material points, the instantaneous rates of the defor-
mation and spin tensors are given by
_eij ¼ ð@v i=@xj þ @v j=@xiÞ=2; Xij ¼ ð@v i=@xj  @v j=@xiÞ=2; ð2:7Þ
respectively, wherevi and xi denotes the particle velocities and
material coordinates respectively. The Jaumann rate of the true
stress rij is then given by Storen and Rice (1975)
r
r
ij ¼ _rij þXkirkj þ rikXkj; ð2:8Þ
where the overhead dot denotes the time derivative at a ﬁxed mate-
rial point and the overhead r denotes the Jaumann rate.
Now consider a quasi-static process before the bifurcation
point. The approximate condition (2.4) leads to:
s
r ¼ ds
dcp
_cp ¼ @
2U
@ðcpÞ2
_cp ¼ h _cp; ð2:9Þ
where h ¼ @2UðcpÞ=@cp2 is the instantaneous hardening rate. Invok-
ing U as the plastic potential and noting that oU/@s = s/h, we get
the deviatoric components of plastic strain rate tensor as
_epij ¼ _k
@U
@rij
¼ _k s
h
r0ij
2s
; ð2:10Þ
where _epij ¼ _epij  13 _epkkdij. Since _cp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 _epij _e
p
ij
q
, we have
_k ¼ h _cp=s:
Eq. (2.10) is then recast as
_epij ¼ _cp
r0ij
2s
: ð2:11Þ
Substituting Eq. (2.9) into Eq. (2.11) and including the elastic and
volumetric response lead to the following Jaumann stress
rate–strain rate relation
_eij ¼ r
0r
ij
2G
þ r
r
kk
9K
dij þ
r0ij s
r
2hs
þ b s
r
3h
dij; ð2:12Þ
where G and K are shear and bulk moduli, respectively, dij is
Kronecker tensor, and
s
r ¼ s
r
þlrm
r ¼ r
0
kl
2s
r
r
kl þ l3 r
r
kk:Compressive
fracture angle ()
Difference in
strength (%)
References
43 6 Zhang et al. (2003a)
n/a 8 Wu et al. (2008), Yao et al. (2008)
39–41 5 Lewandowski and Lowhaphandu (2002)
40–45 9 He et al. (2001)
n/a 7 Inoue et al. (2001)
n/a 1 Inoue et al. (2001)
40–45 2 Lee et al. (2004)
45 ± 1 10 Liu et al. (1998)
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Fig. 2. The biaxial yield surface of Cu50Zr50 (Schuh and Lund, 2003).
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With the constitutive model established above, let us now
investigate the general conditions for shear-banding instability.
We postulate that the shear band forms at the state where the
high-order rate of deformation can bifurcate from the homogenous
ﬁeld and that the shear band forms instantaneously across the
sample at the incipient instability. Without losing generality, let
us consider a shear band in the x1–x2 plane as shown in Fig. 3(a),
where the unit normal and tangential vectors n and m shown in
Fig. 3(a) are
n1 ¼ sin h; n2 ¼ cos h; m1 ¼  cos h; m2 ¼ sin h:
In the following, the subscripts i, j, k, l, m, n take the value of 1 or 2;
and the Greek subscripts a, b, c,d take the value of 1, 2 or 3. If D()
denotes the difference between ﬁeld variables () inside and outside
the band, the inhomogeneous velocities within the shear band
satisfy
Dv i ¼ fiðnkxk; tÞ: ð3:1Þ
Assuming that the inhomogeneous velocities do not vary along a
shear band (Storen and Rice, 1975), the inhomogeneous deforma-
tion rate can be written as
@Dv i=@xj ¼ njf 0i ; ð3:2Þ
where f 0i ¼ @fi=@ðnkxkÞ. For the material subjected to multiaxial load-
ing, the equilibrium conditions and their derivatives with respective
to time are
rab;b  q _vb ¼ 0; ð _rab;b  q€vaÞ þ vcðrab;b  q _vaÞ;c ¼ 0;
where comma indicates differentiation (e.g., rab,b = @rab/@xb).
Therefore, the stress rates satisfy
_rab;b  q€va ¼ 0: ð3:3Þx1
x2
m
θ
n
(a)
x2
x1
nλ
θ
mη
α
(b)
Fig. 3. Coordinate system and direction of the incipient shear band: (a) a shear
band across the sample; and (b) the shear band propagating a distance k.Noting that Eqs. (2.7), (2.8) and (2.12) establish a series of linear
algebra equations of _rab and vc,d, the solution renders a relationship
between the stress rate and the rate of deformation:
_rab ¼ Labcdvc;d; ð3:4Þ
where Labcd stands for the incremental tangent modulus tensor in
the current (deformed) conﬁguration. We leave out the lengthy
expressions of Labcd for the sake of brevity. One can obtain the solu-
tion by using any mathematics software. Applying D to both sides
of Eq. (3.3) and substituting Eq. (3.4) into it will give rise to (note
Dv3 = 0)
ðLijklDvk;lÞ;j ¼ qD€v i: ð3:5Þ
It is noted that DLijkl = 0 sinceLijkl is evaluated from the homogenous
stress ﬁeld right before bifurcation. Similarly, Dq = 0 since the
material is initially homogenous and the density remains uniform
right before bifurcation. If the stress and strain ﬁelds are uniform,
we further have
Lijkl;j ¼ @Lijkl
@xj
¼ @Lijkl
@rmn
@rmn
@xj
þ @Lijkl
@emn
@emn
@xj
¼ 0: ð3:6Þ
Thus Eq. (3.5) reduces to
Lijklnjnlf 00k ¼ Rikf 00k ¼ q€f i: ð3:7Þ
For the quasi-static deformation, the inertia terms q€f i vanish. To
have nontrivial solution of f 00k , the determinant of Rik must vanish,
namely
kRikk ¼ 0: ð3:8Þ
For a dynamic case, suppose that Rik is diagonalizable with two
real eigenvalues R1, R2(R2 > R1). The corresponding eigenvectors are
g and g0, respectively. If R2 > R1 > 0, any nonzero velocity distur-
bances fi will have components along g and g0, propagating along
n (the direction normal to the shear band) at velocities
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R1=q
p
and
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2=q
p
respectively and vanishing at the boundary. Therefore,
the critical condition for localization is R1 = 0 (i.e. kRikk = 0), that is
the velocity discontinuity along g is not propagative. It is noted
that the velocity disturbance must emanate from a local deforma-
tion unit. Since the disturbance is not propagative along n, the
width of the shear band should equal the size of the deformation
unit. The question is what the size of the deformation unit or the
shear band is. According to Zhang and Greer (2006), there are sev-
eral length scales in metallic glass: the atomic diameter is in the
order of 0.21 to 0.31 nm; the size of the smallest atomic cluster,
envisioned as the ﬁrst-nearest-neighbor shells of solvent atoms
around a central solute atom, is about 0.6 to 0.9 nm; while the
shear band width, according to electron microscopy images, is
about 10 nm. If the atomic cluster is considered as the fundamental
building blocks of the material, the shear band should be about ten
times the size of the fundamental building block, a relationship
closely resembling that of the granular materials (Francois et al.,
2002).
Since the velocity discontinuity along g does not propagate
along n, the propagation of a shear band can be accounted by
assuming that the velocity ﬁeld within the band satisﬁes
Dv i ¼ gigðnn; nm; tÞ; ð3:9Þ
where
nn ¼ nkxk and nm ¼ mkxk:
Here the particle velocities within the shear band vary both in n and
m directions. Fig. 3(b) illustrates the scenario of shear band propa-
gation, in which the shear band emanating from the boundary has
the length k. g is not necessarily parallel tom since the deformation
within the band is both shearing and dilating. The angle between g
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of the shear band is related to a.
Substituting Eq. (3.9) into Eq. (3.5) yields
Rikgkg;nn þ Lijklmjmlgkg;mm þ Lijklðnjml þ nlmjÞgkg;mn ¼ qgi€g; ð3:10Þ
where
g;nn ¼
@2g
@n2n
; g;mm ¼
@2g
@n2m
and g;mn ¼
@2g
@nm@nn
:
As a possible solution of Eq. (3.10), we further assume that g,mn = 0.
Since Rikgk = R1gk=0, multiplying gi to both side of Eq. (3.10) yields
Lijklmjmlgigkg;mm ¼ q€g: ð3:11Þ
The velocity of shear band propagation is then
_k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Lijklmjmlgigk=q
q
: ð3:12Þ4. Analytical solutions
4.1. Flow serration
For metallic glass with some compressive ductility, the load–
displacement response exhibits many serrations. Each serration
is a relaxation event associated with three critical phenomena:
(i) the formation of shear bands, (ii) the quick increase of the
inelastic shear strain within the shear bands, and (iii) the unload-
ing outside the shear bands. After this relaxation, the material can
resist further deformation, embodied by the increase of the reac-
tion force until the occurrence of the next serration. Previous the-
ories can demonstrate the deformation localization and the load
drop by devising a mechanism for the prestigious drop of viscosity
at a critical stress state, but not the mechanism of the subsequent
local hardening. Our constitutive model can describe both the load
drop and the hardening straightly.
Let us consider a simple shear case shown in Fig. 4(a), where a
metallic glass sample of width L is subjected to shear stress s. At a
critical stress state, n shear bands of width b emanate. The succes-
sive material response within a shear band can be considered as
the fast transformation from Points A to B in Fig. 4(b), where A is
the bifurcation point. The work done associated with this localτ
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Fig. 4. (a) The simple shear deformation of a metallic glass sample, (b) the relation
between macroscopic stress serration and microscopic stress instability in the shear
band, and (c) the catastrophic failure.strain burst is the combination of thermal dissipation Q and the
free energy change dU (see Eq. (2.2)). Since the unloading outside
the shear band is purely elastic, the decrease of the far-ﬁeld shear
stress is given by
ds ¼ n ðQ þ dUÞ
ceb
Vb
Vs
¼ n bðQ þ dUÞ
Lceb
; ð4:1Þ
where Vb and Vs denote the volume of the shear band and the sam-
ple, respectively, and ceb is the elastic strain at the bifurcation point.
ceb may also be considered as the strain at elastic limit (i.e., the yield
strain), which can be a constant for most metallic glass (0.0267
according to Johnson and Samwer (2005)).
Fig. 4(b) schematically illustrates the relationship between
macroscopic stress serration and microscopic shear transformation
within shear bands. If A and C are the bifurcation points and if the
far ﬁeld stress s drops linearly with local plastic strain develop-
ment, the work done per unit volume within the shear band is
the trapezoidal area ABB0A0, that is,
R c0
0 sdc
p ¼ Q þ dU ¼
ðsb þ ds=2Þc0, where sb is the stress at the bifurcation point. There-
fore, Eq. (4.1) becomes
ds ¼ 2sb
1þ 2Lceb=nbc0
   sb nbL c0ceb ; ð4:2Þ
when Lceb >> nbc0. Eq. (4.2) reveals that the more shear bands form,
the larger force drop takes place. For metallic glass with good com-
pressive ductility, the material can evolve after a few serrations to a
self-organized critical state (Sun et al., 2010; Wang et al., 2009a), at
which a larger number of shear bands formed with the consequence
of a larger force drop. At this moment the overall material can relax
at the lower stress, increasing the probability to fracture at a large
plastic strain. Providing that the width of shear band is the intrinsic
length parameter of amorphous metals, Eq. (4.2) indicates that the
force drop tends to increase as the specimen size reduces. As an
example, for the zirconium-based BMG, the magnitude of force drop
is within 2% of the average ﬂow stress for the specimen in millime-
ter scale (Wang et al., 2009a), while about 8–10% for the specimen
of several micrometers (Ye et al., 2010). The magnitude of the force
drop does not scale linearly with the specimen size since the num-
ber of shear bands also decreases as the specimen size reduces.
After force drops, the deformation units within the shear band
regain the hardening ability, which is indicated by the stress in-
crease from Point B to the next bifurcation point C, as shown in
Fig. 4(b). In the process from B to C, the shear band heals up and
the material can resume the homogenous deformation until it
reaches the next bifurcation point. This is the fundamental process
underpinning the serrations of the stress–strain curve of metallic
glass. It is also the fundamental cause of the good compressive
ductility of some types of metallic glass. In these materials, the
shear bands can heal up and do not develop to the catastrophic
band. However, in a different scenario, as schematically shown in
Fig. 4(c), the material within the shear bands may be signiﬁcantly
deteriorated by the plastic deformation, and the force drop dsmay
be too small for the material to recover. Catastrophic failure then
occurs. In this case, Points B and C are still higher than the
bifurcation points, such that the deformation continuously
localizes within shear bands, leading to the catastrophic failure.
4.2. Shear band angle
Uniaxial compression and tension tests are the most common
experiments in the characterization of mechanical properties and
shear banding of metallic glass. Therefore, as the application of
our new constitutive model, let us investigate the solutions of Eq.
(3.8) for understanding the deformation of metallic glass under
such loading conditions. We assume that shear band forms at the
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Fig. 6. The velocity of shear band extension for the plane-strain case.
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Mukai et al. (2002) found the small jumps in the stress–strain
curve before the macroscopic yielding point and concluded that
shear band may emanate prior to macroscopic yielding. Their
observation implies that a BMG may have weaker regions with
lower yielding stress than the macroscopic one. Therefore the crit-
ical stress r0 may be slightly smaller than the macroscopic yield
stress. But for simplicity, we let r0 equals to the macroscopic yield-
ing stress.
Three loading conditions, namely the plane strain, axisymmetry
and plane stress are considered. The solutions are presented in the
Appendix and the relationships between the diltancy factor b and
the shear band inclination angle h are summarized in Fig. 5(a). Ow-
ing to the small difference in the tensile and compressive strength
of metallic glass (Table 1), which implies a small l, we conjecture
that the large diversity of shear band inclination angles (Zhang
et al., 2003b) is mainly caused by the variation of the dilatancy fac-
tor b. Fig. 5(a) shows that a larger b leads to larger deviation from
45, that the shear band angle differs remarkably at different load-
ing conditions, and that plane-stress tension gives maximum shear
band angle. If b is sufﬁciently large (>2), the shear band can be per-
pendicular to the loading direction for uniaxial tension or in paral-
lel with it for uniaxial compression, as have been observed in
experiments (Zhang et al., 2003b).
Fig. 5(b) shows the relationships between h/jr0 j and h at the
bifurcation point. For the three loading conditions shown in
Fig. 5(b), it seems that a larger ductility can be achievedmost easily
when compressing an axisymmetric specimen, as the hardening
rate h at the bifurcation point is the most negative in this case. A
negative h indicates that the bifurcation point, e.g., A0 in Fig. 5(c),
is on the downhill part of stress–strain curve. After the bifurcation,
the local deformation within the shear band renders the force drop
and turns the stress state to Point B, which is on the uphill part. If
the next bifurcation point is C0, it is evident that a more negative h
will lead to a larger distance between B and C0. This distance is the
overall strain required to invoke a second bifurcation. From B to C0,
the material deforms homogenously and the shear band heals up.
Therefore, a more negative h implies a less probability for a shear
band to develop to a catastrophic band. Nevertheless, it also im-
plies that the metallic glass may be ductile under one stress state
but becomes brittle under another owing to the different bifurca-
tion point under different stress state.
4.3. Spreading speed of shear banding instability
Shear banding instability propagates as the global stress state
reaches a bifurcation point, at which a local excessive shear0 0.5 1 1.5 2 2.5
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Fig. 5. (a) The relationships between dilatancy factor b and the shear band inclination ang
h at bifurcation point.transformation triggers a chain process of atomic rearrangement
along the most preferable direction (direction of maximum h) that
eventually organizes the shear band. At the same time, this inelas-
tic shear displacement reduces the possibility of instability in adja-
cent regions, by relieving the elastic strain energy of regions
outside the shear band. Therefore the shear band is usually sharply
localized. The instability propagating speed can be evaluated from
Eq. (3.12). Fig. 6 shows the relation between the normalized shear
band extension speed _k=csand the shear band inclination angle h
for the cases of plane-strain compression and tension, where
cs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
G=q
p
is the shear wave speed and cd ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðK þ 4G=3Þ=qp is
the dilatation wave speed. It is noted that the shear band extends
at the speed between the shear wave speed and dilatation wave
speed. The fastest instability (at the speed of cd) occurs as the prop-
agation path inclines exactly at 45. The subsonic shear band
ð _k < csÞ occurs only when the diltancy factor is very large
(b > 1.9) and when the shear band inclination angle differs consid-
erably from 45. The variation of cosa is plotted in Fig. 6. If cosa = 1,
the shear band extends at cd. In this case, the local velocity distur-
bance is in parallel with the shear band, which makes the instabil-
ity propagates in the same way as a dilatation wave does. If
cosa = 0, which resembles the scenario of a shear wave propaga-
tion, the shear band extends at the velocity slightly smaller than
cs. Although the above observation is under the plane-strain com-
pression/tension, the same conclusion is applicable to other stress
states according to our calculation.
It should be noted that the intersonic shear banding instability
is not reported in literature. In almost all investigations, people-10 0 10 20 30 40 50 60 70 80 90
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Table 2
The parameters used in ﬁnite element simulations.
Symbols Unit Value
pu0/c0 GPa 1.0
c0 0.01
ua/u0 1
ca/c0 50
f/c0 Random number between 0–20
C 0.2
ev0 0.0075
m 1.5
l 0.05
b 0.1
s0 MPa 50
_c0 s1 1
K GPa 114.3
G GPa 35.3
q kg m3 6125
Thermal conductivity Wm1 K1 20
Speciﬁc heat J kg1 K1 400
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speed. Molecular dynamic simulations (Cao et al., 2009) revealed
that the propagation of severe atomic structure disordering is
approximately in the speed of shear wave. However, the intersonic
instability propagation, revealed in our calculation, is not the prop-
agation of sever plastic deformation but just the transmission of a
velocity disturbance along a particular path in the solid. Therefore,
in a molecular dynamic simulation, the propagation of instability
should be embodied by the sequentially ‘‘displacement jump’’ of
atoms along the particular band prior to the severe structural dis-
ordering. Cao et al. (2009) made the observation that before a shear
band matures, the displacement jumps in the six different sites
along this band occur almost simultaneously, much faster than
the shear wave propagation. Since any mechanical disturbance
transmitting in solid cannot be faster than the dilatation wave,
the observation of Cao et al. (2009) corroborates that the propaga-
tion of the shear banding instability is intersonic.
5. Finite element simulation
To investigate the deformation of metallic glass under more
complex loading conditions, numerical analysis is necessary. We
use the commercial FEM code ABAQUS EXPLICIT to simulate the
dynamic response of metallic glass. The constitutive model is
implemented as a user material subroutine (VUMAT). The U–cp
relation is assumed to be
UðcpÞ ¼ u0 sin4ðpc=c0ÞfdðevÞ þua sin2ðpðcp þ fÞ=caÞ; ð5:1Þ
cp ¼ c0  c0
2p
sin
2pc0
c0
 
: ð5:2Þ
where c0 is the internal deformation variable representing the total
atomic strain (Rice, 1992), u0 is the local energy barrier for the
atomic jump from one basin to the adjacent one; pu0/c0 is the peak
resistance to plastic deformation of the material; ua and ca pertain
to the a-relaxation of glass, f represents the initial state of the local
atomic cluster which could be in a random energy basin in the free
energy landscape. ua, ca and f are used to reﬂect the fact that dif-
ferent arrangements of atoms are in the different basins of the free
energy landscape and that an amorphous solid is an ensemble of
many different atomic structures. fd(ev) is a decay function which
describes the dilatation induced structural softening. We set
fdðevÞ ¼ exp  Cðev  ev0Þ=n0ð Þ
m 
; ev > ev0
1; ev 6 ev0
(
: ð5:3Þ
The above equation implies that the atomic system is not softened
until the total volumetric strain reaches the threshold value ev0.
Eqs. (5.1)–(5.3) are purely phenomenological, which aims to use
minimum number of parameters to describe the rugged free en-
ergy landscape. Referring to the Zirconium-based metallic glass
(Jiang and Dai, 2009), the parameters used in simulations are given
in Table 2. The intention of conducting simulations with these
parameters is not to quantitatively compare the numerical result
with a speciﬁc experiment but just use the numerical tool to study
the deformation mechanism of metallic glass. Nevertheless, it
should not be difﬁcult to match the simulation result, by tuning
these parameters, with a speciﬁc experimental result in terms of
strength and ductility.
5.1. Plain-strain compression and tension
Fig. 7(a) shows tensile and compressive true stress–strain
curves obtained under different strain rates. The numerical model
is a 6  12 mm plane-strain block, discretized with 50  50 lm 4-
node quad elements. The serrations of the stress–strain curve arerevealed in the inset. It is noted that the model material have nota-
ble ductility in the compression test when the strain rate is 0.1 s1
and 1 s1. In contrast, the tensile ductility is almost zero. This dif-
ference is attributed to the fact that the compressive force tends to
suppress the dilatation, deferring the material weakening.
Under different strain rates, the initial yield stresses differs neg-
ligibly, indicating very weak rate sensitivity, which is consistent
with experimental ﬁndings (Schuh et al., 2007). After the initial
yield point, a sudden drop of the ﬂow stress occurs and the succes-
sive ﬂow stress is smaller than the initial yield stress. This phe-
nomenon is not observed in metallic glasses but is akin to the
stress–strain curves of those well annealed metals (e.g., iron) which
exhibit upper and lower yield points. In our simulation result, the
initial yield point is corresponding to the peak resistance to the
plastic deformation (point P in Fig. 1(c)), while the successive local
peaks of the serrated ﬂow stress are the stresses at the bifurcation
points (say points A, C or A0, C0 in Fig. 1(c)). In reality, the peak
resistance to the plastic deformation is hardly captured since the
real materials are always inhomogeneous and have residual stres-
ses inherited from manufacturing process. This initial inhomoge-
neity can lead to early plastic deformation before macroscopic
yielding as experimentally observed by Mukai et al. (2002). How-
ever, in the simulation we assumed the ideally annealed material,
i.e., the initial free energy of every deformation unit is in the local
minimum. Therefore, a sufﬁcient number of deformation units
reach the peak resistance simultaneously, giving rise to signiﬁcant
drop of the stress due to the bursts of plastic deformation after-
wards in many regions. Such phenomenon can be mitigated by
increasing the inhomogeneity of the simulation model. We in-
crease ua/u0 from 1 to 10, such that the deformation units initial-
ized at different free energy minimums (characterized by f) have
more signiﬁcant difference in the resistance to the plastic strain.
Fig. 7(b) plots the resulted stress–strain curve. It is noted that
the yielding point is less distinct. The transition from elastic to
elastoplastic deformation is continuous and smooth.
Fig. 7(c) shows that at the same compressive strain level (engi-
neering strain = 1.8%), higher strain rate leads to more shear bands,
which is consistent with experimental ﬁndings (e.g., Liu et al.,
2005). More shear bands tend to toughen the metallic glass and re-
sult in better ductility as revealed in Fig. 7(a). The transient tem-
perature change due to the plastic dissipation within shear bands
is also considered. The snapshots are shown in Fig. 5(d), which
are taken at the same strain level as that of Fig. 7(c). The temper-
ature rise (from the room temperature 293 K) is merely a few de-
grees, which therefore should not be considered to be the major
cause of the shear band formation.
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Fig. 7. Plane-strain tension and comparison: (a) the stress–strain curves; (b) the compressive stress–strain curve of the material with larger inhomogeneity; (c) the shear
band morphologies resulted from different strain rates at 1.8% engineering strain; and (d) the temperature proﬁles around the shear bands at 1.8% engineering strain.
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For the quasi-static compression (strain rate = 0.01), merely a
single shear band forms after the yielding point (shown in
Fig. 7(c)) and the ductility is vanishingly small as shown in
Fig. 7(a). However, many as-cast metallic glasses have very good
compressive ductility under the quasi-static condition. The most
exceptional one is reported by Liu et al. (2007). They ascribed the
good ductility to the coexistence of hard and soft phases, which
were observed in the electron microscopy images .(Liu et al.,
2007) and detected by nano-indentation (Wang et al., 2009b).
We can test their conjecture in our simulation model. Suppose that
the harder phase, namely phase II, possessing 20% larger peak
resistance (all the other parameter is identical to phase I), is ran-
domly blended with the phase I as shown in Fig. 8(a). Fig. 8(b)
shows the tensile curves of the monolithic BMG and the two-phase
mixtures under quasi-static compressions, where fII is the volume
fraction of phase II. The result clearly indicates that the coexistence
of hard and soft metallic glass phases, although both brittle, can
notably improve the compressive ductility of the composite, cor-
roborating the conjecture of Liu et al. (2007). It is interesting to
note that both cases fII = 0.3 and 0.7 are less ductile than fII = 0.5,0
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Fig. 8. The deformation of 2-phase metallic glasses: (a) the initial random distribution of
II; and (c) the consecutive snapshots of shear band morphologies for the case of fII = 0.5implying that either brittle phase taking the major fraction reduces
the ductility. Fig. 8(c) shows that the enhancement of ductility is
also owing to the increased number of shear bands.
5.3. Shear band inclination angle
Fig. 9(a) and (b) show the tensile stress–strain curves and the
shear band morphologies, respectively, corresponding to the three
stress states discussed in Section 4.2. For the case of a
12  6  0.2 mm thin BMG sheet the shear band inclination angle
is 58, which is in reasonably good agreement with the analytical
calculation (56). We assumed in Appendix A.3 that for the very
thin specimen the bifurcation condition should incorporate the
variation of the thickness. This consideration has been validated
herein. The shear band angles of the plan-strain model and the
cylindrical model under tensile loadings are 49 and 51, respec-
tively, only slightly larger than those of theoretical calculation
(47 and 50 for plane-strain and axisymmetrical cases, respec-
tively). From these simulations, we may conclude that the ﬁnite
element result has veriﬁed our analytical calculations in Section
4.2. The slight deviation may be attributed to the mesh ﬁneness
and large deformation.0 1 2 3
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the two phases; (b) the stress–strain curves for different volume fractions of phase
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Fig. 9. The tensile deformation of metallic glass under different conditions: (a) the stress–strain curves and (b) the shear band inclination angles a thin sheet, the plain-strain
and cylindrical models.
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It is noted that in Fig. 9(a) the cylindrical model exhibits some
tensile plasticity, while the other two models fracture right after0 1 2 3 4 5
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Fig. 10. The compressive deformations of metallic glasses under plane-strain
condition and in cylindrical form.the yielding point. We inferred in Section 4.2 that the axisymmet-
ric stress ﬁeld should render the more ductility than the plane-
strain case based on the position of the bifurcation point. This
inference can be validated by numerical simulations. Fig. 10 com-
pares the stress–strain curves resulted from the quasi-statically
compressed plane-strain model and the cylindrical model. We
used the 4-node quad element for the plane-strain model and
the 8-node brick element with reduced integration point for the
cylindrical model. The mesh sizes are both 50 lm. Both models
were compressed by a rigid plate at an engineering strain rate
0.01 s1. The comparison of the stress–strain curves exhibits that
the cylindrical specimen has much larger ductility than the
plain-strain one. Hence, we shall remark that it is easier to obtain
good ductility when compressing a cylindrical BMG specimen.
However the material may be brittle in other geometry or stress
state. It is worth noting that in literatures almost all metallic
glasses possessing high compressive ductility were tested in the
cylindrical form.5.5. Cylindrical indentation
In addition to tension and compression, indentation is also fre-
quently used to study the mechanical properties of BMG. In this
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strained, which allows stable development of multiple shear bands
and avoids unstable failure. Berkovich or Vickers indentation on
BMG was studied in many works, which has been reviewed by
Schuh and Nieh (2004). However, in these indentations, the devel-
opment of shear bands inside the material is difﬁcult to observe.
Although the bonded-interface method was used to resolve this
problem, this method causes the different stress/strain ﬁeld from
that of the pristine material (Helbawi et al., 2001). An alternative
choice is the 2D cylindrical indentation, which allows directly
observation of shear bands in the polished surface. This method
has been chosen by Su and Anand (2006b), Antoniou et al. (2007)Fig. 11. Cylindrical indentations: (a) the FE model; (b) the load-depth curves and (c, d)
0.8 mm indenter.and others. We shall simulate the cylindrical indentation with
our constitutive model. Another reason for studying 2D indenta-
tion is that in 2D case the numerical model can be meshed with
very small elements such that the ﬁne deformation pattern can
be resolved. However, in 3D case, to resolve the ﬁne shear bands,
the number of elements must be millions and simulation will take
too long time even with a high-performance computation system.
Fig. 11(a) shows the simulation model. The cylindrical indenter
is rigid with radius 2.4 mm and 0.8 mm as were used by Antoniou
et al. (2007). The smallest element beneath the indenter is of 5 lm.
It should be reminded that typical shear band thickness is tens of
nanometers. Therefore the shear bands can be better shown inthe contour plots of equivalent plastic shear strain for (c) 2.4 mm indenter and (d)
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due to the limitation of computation, we have to use larger ele-
ment and the shear band cannot be as thin as experiment. Further-
more, to save the computational time in the explicit simulation, we
used a much faster indenting speed 100 lm/s than that was
adopted by Antoniou et al. (2007) in the experiment (1 lm/s). Such
a high deformation rate causes the pop-ins of the load-deformation
curve less pronounced (Schuh and Nieh, 2004). But the morphol-
ogy of the equivalent plastic shear strain has been very similar to
the experimental result. Fig. 11(b) shows the load-displacement
curves for 2.4 mm and 0.8 mm cylindrical indenter. The enlarged
portions shown in the insets demonstrate small pop-ins. It is inter-
esting to note that at the same range of indentation depth, the pop-
in for the case of 2.4 mm is very different from that for the case of
0.8 mm, which however cannot be conﬁrmed from experiments.
We believe that these pop-ins are not numerical noises since they
only occur as the indentation depth larger than 20 lm, where the
sudden bust of plastic deformation within some shear bands be-
comes the main deformation process. Fig. 11(c) show the contour
plots of the equivalent plastic shear strain at two indentation
depths (65 lm and 90 lm) for the case of 2.4 mm cylindrical in-
denter. It is observed that two sets of curved shear bands emanate
from the edges of contact region and proliferate with the increase
of contact area, which agrees reasonably well with the experimen-
tal observations made by Antoniou et al. (2007).
For the case of 0.8 mm, as the indentation depth is larger than
65 lm, severe load drop occurs corresponding to the major shear
bands shown in Fig. 11(d). Such signiﬁcant load drop in simulation
is because of the presumed decay function deﬁned by Eq. (5.3),
which assumes that a large dilation resulted from a large shear
strain (say 100%) can leads to signiﬁcant reduction of the strength
(less than 1%). In cylindrical indentation experiments conducted by
Antoniou et al. (2007) and Su and Anand (2006), such signiﬁcant
load drop is not observed. To match the experimental result, a sim-
ple way is to modify the decay function (Eq. (5.3)) to allow the sim-
ulation of cylindrical indentation continues to a larger depth
without signiﬁcant load drop. However, it is more important to
point out that such difference implies that the conﬁnement of sur-
rounding materials, or particularly the hydrostatic pressure ex-
erted by the surrounding materials, may play a signiﬁcant role inhðhÞ=jr0j ¼
2G2ð7 16m 8m2Þ þ 2GKð5 8mþ 8m2Þ  6Kðbþ 2lÞs=jr0j
Gð7 14mþ 8m2Þr0=jr0j þ 16GKððbþ lÞð1þ mÞÞs=r0 þ 64GKbls2=r20
þK 2 1 2mþ m2 þ ðbþ lÞð2m 1Þs=r0 þ 8bls2=r20  cos 2h
þ 2G2 þ 6GK  Gr0=jr0j þ 2Gmr0=jr0j  6Kbs=jr0j
	 

cos 4h
8 4þ 3K=G
	 

s2=r20
 
2G r0=jr0j cos 2h
	 
 ;
ðA:1Þpreventing the material from signiﬁcant deterioration at large
shear strain, which needs further detailed investigation.
6. Conclusion
This paper has investigated the physical origin of shear bands in
metallic glass by incorporating the fact that instability is due to the
bifurcation of the constitutive model at a particular stress state.
Unlike previous studies, the new constitutive model is established
based on the rugged free-energy landscape of metallic glass, which
naturally leads to the rate-insensitivity and ﬂow serrations. The
formulae for describing the nucleation and propagation of shear
banding instability have also been developed. The study has
brought about the following conclusions:(1) Deformation localization in metallic glass is inevitable due
to the rugged free energy landscape. A shear band, once
emanated from a deformation unit, does not increase its
thickness.
(2) The shear band angle is exactly the angle between the plane
of instability and loading direction. The angle variation is
signiﬁcantly inﬂuenced by the diltancy factor b and pressure
sensitivity l.
(3) The theoretical speed of the shear banding instability varies
between the dilatation wave speed and a speed slightly
smaller than the shear wave speed.
(4) Our ﬁnite element simulation shows that the new constitu-
tive model predicts well what has been observed in experi-
ments, i.e., (a) more shear bands can toughen the metallic
glass, leading to a higher ductility; (b) higher strain rate
gives rise to more shear bands; (c) the introduction of a
harder (or softer) phases does improve the ductility; and
(e) the ductility depends on the sample geometry or the
stress state.
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A.1. Plane-strain
Under plane-strain deformation, the components of the stress
tensor prior to bifurcation are given by
r13 ¼ r23 ¼ 0 and r33 ¼ mðr11 þ r22Þ; r11 ¼ r0;
r22 ¼ 0; r33 ¼ mr0; r12 ¼ 0;
where m is Poisson’s ratio. The equivalent shear stress is
s ¼ jr0j
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ m2 þ ð1 mÞ2Þ=6
q
. Solving Eq. (3.8) yieldswhereK ¼ K=jr0j and G ¼ G=jr0j:For Zirconium-based metallic glass (Zr41.2Ti13.8Cu10Ni12.5Be22.5,
m = 0.36), K ¼ 59:5 and G ¼ 18:4 (Jiang and Dai, 2009). Fig. A1 shows
the variation of h/jr0j with h. It is clear that l and b affect the shear
band inclination angle in a similar way.A.2. Axisymmetry
For an axisymmetric compression or tension, the homogenous
stress ﬁeld prior to bifurcation is
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Fig. A1. h/jr0j-h curves under plane-strain condition: (a) unixial tension and (b) uniaxial compression.
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Fig. A2. Effect of conﬁnement stress on h/jr0j  h curves obtained under axisym-
metric condition.
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s ¼ ð1 jÞjr0j=
ﬃﬃﬃ
3
p
and j < 1;
where j represents the ratio of the radial and circumferential con-
ﬁnement stresses to the axial stress due to the application of hydro-
static pressure (Lewandowski and Lowhaphandu, 2002) or the
sleeves (Lu and Ravichandran, 2003). Solving Eq. (3.8) yieldshðh;jÞ=jr0j ¼

12ð2G2  ðGþ 2KÞð1 jÞr0=jr0jÞ cos 2h
þ3G 6Gþ 10K  3ð1 jÞr0= r0j j þ 2Gþ 6K þ 1 j
	 

r0=jr0j
	 

cos 4h
þ8
ﬃﬃﬃ
3
p
GKr0=jr0jð3 cos 2h 1Þðbþ lÞ
þ2
ﬃﬃﬃ
3
p
Kð1 jÞð3ð2lþ bÞ þ 2ðbþ lÞ cos 2h 3b cos 4hÞ
0
BBBBB@
1
CCCCCA
8ð4þ 3K=GÞð2G r0=jr0jð1 jÞ cos 2hÞ
þ 4Kbl
4þ 3K=G
ðA:2ÞAlthough Eq. (A.2) includes j, we can see that the effect of j on
the h/jr0j  h relationship is negligible, as demonstrated in Fig. A2.
The overlapping of the curves indicates that the shear band inclina-
tion angles, corresponding to the maximum h in the curves, are
insensitive to j. Experimental investigations have indeed con-
ﬁrmed this ﬁnding. Lu and Ravichandran (2003) used the sleeve
to conﬁne the radial expansion of metallic glass. In their experi-
ment, j varied from 0.1 to 0.4 but the shear band inclination anglewas always 45. Lewandowski and Lowhaphandu (2002) tested
metallic glass in pressurized chamber with j from 0.35 to
0.03 for their tensile tests and from 0.15 to 0.3 for their compres-
sive tests. They identiﬁed that the fracture angles were 57.5 ± 1.5
in pressurized tension and 40 in pressurized compression, irre-
spective of the j variation.
A.3. Plane-stress
When a thin sheet of metallic glass is subjected to tension, the
homogenous stress ﬁeld prior to bifurcation is
r11 ¼ r0 > 0; r22 ¼ r33 ¼ 0; r12 ¼ r13 ¼ r23 ¼ 0; and
s ¼ r0=
ﬃﬃﬃ
3
p
:
This stress-ﬁeld is identical to that of the axisymmetric tension with
j = 0. If only the stress state is considered, the shear band inclina-
tion angle of a very thin specimen should be identical to an axisym-
metric case. However, due to the small thickness, the variation of
the thickness caused by the inhomogeneous deformation becomes
signiﬁcant. Similar to Storen and Rice (1975), we shall incorporate
the effect of the strain rate _e33 into consideration. Note that the
in-plane forces and their changing rate satisfy
ðHrijÞ;j ¼ 0; and ð _Hrij þ H _rijÞ;j þ vaðHrijÞ;ja ¼ ð _Hrij þ H _rijÞ;j ¼ 0:
By applying operator D (refer to Part I, Section 3) to the stress rate
and the strain rate, we getðD _rij þ rijDð _H=HÞÞ;j ¼ ðD _rij þ rijD _e33Þ;j ¼ 0: ðA:3Þ
Assuming that the volumetric strain rate remains continuous across
the shear band boundary, we have
D _e33 ¼ ðD _e11 þ D _e22Þ ¼  n1f 01 þ n2f 02
 
: ðA:4Þ
Substituting Eqs. (A.4) and (3.4) into Eq. (A.3) leads to
3126 H.H. Ruan et al. / International Journal of Solids and Structures 48 (2011) 3112–3127ðLijklnjnl  rijnjnkÞf 0k ¼ 0: ðA:5Þ
The nontrivial solution of f 0k requires
kLijklnjnl  rijnjnkk ¼ 0: ðA:6Þ
Solving Eq. (A.6) yieldsh=jroj ¼ 
16Kblð4G2  2G 1þ cos 2hÞþ
4
ﬃﬃﬃ
3
p
Kðbþ lÞð4G2  8G 1þ bð12G2 þ 1Þ cos 2hÞþ
66G2K  12G2  51GK  12G 12Kþ
12ðK þ Gð3K þ 1Þ þ 6G2ð3K þ 1ÞÞ cos 2h
þ3Gð18GK  4G 3KÞ cos 4h
0
BBBBBB@
1
CCCCCCA
4ð16G2 þ 8Gð6K  1Þ  6K  4 3K=Gþ ð18K þ 4þ 3K=GÞ cos 2hÞ :
ðA:7ÞThe consideration of the effect of strain rate _e33 makes the shear
band inclination angle differs signiﬁcantly from an axisymmetric
case, as shown in Fig. 5(a). For example, if l = 0.05,b = 0.1, the shear
band inclination angle is 56 for a plane-stress case and 50 for an
axisymmetric case.References
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